Tema 7.4HacTtb 2.

OrnpeniesieHHbIN UHTETpal.

51 33.2[3‘18, OPpUBOAAIINIAd K TIOHATHIO ONPCACICHHOI'O HHTCIpajia (3az[aqa 0)

IUIOINAAN KPUBOJWHEUHON TPAIICIHH ).

N3 mikonbHOro Kypca M3BECTHBI (POPMYJBI TSI HAXOXKIEHHUS IUIOMATN TUIOCKUX

duryp:

¢ a+b
N
h 2
)

[Iycth TpeOyercss BBIYMCIHMTH IUIOMIAJb 00JIacTH S, OTrpaHMYEHHOW HEKOTOpPOH

3aMKHYTOU KpUBOM.
Onpenenenne 1. Kpueonumneitnoit mpaneyueit Ha3biBaercs (purypa, orpaHuueHHas
YacThI0 KpUBOH ) = f (x), OTPE3KOM [a;b] ocu OX u aAByms

npsAMBIME: X =a u X =D mapamnensapivMu ocu OVY.

4 y=1()

x=b

XFa
>
a b x

Pemnm 3agauy 0 HaXO0XJI€HUH TUIOIIAA 3TOM KPUBOJIMHENHOW TpaIeIUu.

SaABb_?
/B
< //:r
/; 1 I 1 -’I' ! X:b
Aoy
x=a i i i | | '
0lx=a & X& %& X%  .uaXa & X%=b X

Pa3o0beM oTpe3ok [a ; b] Ha «N» YacTeil TOUKAMHU a = Xy;X;; X, ...X, =b.

Uepes kaxayr TOYKY pa3OueHus MpoBeAeM NpsiMbie TapaiuienbHbie ocu OY mo

MepECEUYEHUs C KPUBOM.
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Torma mmomane Tpamenuu MOKET OBITh NPEACTABIEHA B BHIAE CYMMBI
MOJIYYMBIIMXCA B PE3yJbTaT€ YKa3aHHOTO pa3OMEHMs] «MajblX» KpPUBOJUHEHHBIX
Tpameuui: S, =S, + 35, +...5,

BHyTpu kaxxoro orpeska pa30oreHus MpOU3BOJIbHBIM 00pa3oM BbIOepeM TOuKy. [l
OTpe3Ka [XH;Xi] 3Ty TOYKy 0003HauMM &, . M3 5THUX TOYEK IpPOBEAEM IpPAMBIE
napautenbHbie ocu OV 110 nepeceyeHus ¢ KpUBOH y = f (x)

OpauHATBl TOYCK MEPECCUCHUs] PaBHBI COOTBETCTBEHHO f (@i). Kaxnayro Manyro
TPAIELMIO 3aMEHMM IIPSIMOYTONBHIKOM C oCHOBaHMeM Ax; u Bbicotoii h = f (&, )

[lony4yeHHyto B pe3ysibTaTe yKa3aHHbBIX JEHCTBUN CTYNEHYaTyr0 (QUIrypy MOKHO
paccMaTpuBaTh Kak NPUOIMKEHHOE 3HAUEHHE MCKOMOW IUIONIaJAX KPUBOIMHEHHOM
TPAICLHH.

[Tnomaan npsMOyTroabHUKOB, COCTABIISIIOIIUX CTYNIEHYATYIO (PUTYDPY, BEIUUCISIOTCS

COOTBETCTBEHHO 10 (hOpMyJIaM:

S, = f(&l)’()ﬁ_xo): f(gl)’A)ﬁ

CraenoBaTenbHO,

n
G, = Z f (& )AX |- nnomans crynenuaroit ¢purypsr
i=1

OrmeTn™M, 4TO G, TeM TOYHEE JaeT MPUOIMKEHHOE 3HAY€HHE IIJIOIIAIH

KPUBOJIMHEIHOW Tpamnenuu, yem Oosbiie N.

n

S = ILm Z f (& )AX | - miomans KpHBOIMHEIHON TpaneLHH.
"

§2. OnpeneneHHBIM MHTErpal KaK MpeJiesl MHTErpaJibHOW CYMMBbI.

[Mycts dyukmus y = f (x) ompejieliecHa W HENpephiBHA Ha OTpPE3Ke [a;b].
[Ipou3Benem cienyromme JeMCTBUS:
1. Toukamu @ = x,;X;X,...x, =b pazobbem orpe3ok [a;b] na «n» vacrei.
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2. BHyTpu Kaxmoro oTpe3ka pa30uMeHusi IMPOU3BOJBHBIM 00pa3oM BbIOpeEM

TOUKH & U BBIYUCIUM npousBenenus f (E,i ) - AX; .

3. CocTaBUM MHTETPAIBHYIO CYMMY '

n
G, = Z f (Fﬁl )Axi
i=1
4. O0o3Ha4MM vepe3 Max AX, MaKCUMaJbHYIO JUIMHY OTPe3Ka pa30MeHus.

Omnpenenenne 1. Ecam mpu maxAx, — 0 cymiecTByeT npeien HHTErPaabHOM CyMMBI

(¢

., HE 3aBHCANIMIA HM OT cnocoba pa3sOMeHHs OTpe3Ka [a;b] Ha

qaCTu, HHU OT crocoba BBI60pa TOYCK, TO 3TOT MPCACII HA3BIBACTCA

onpedenennvim unmezpanom dpyuxiuu f (X) M0 OTPE3KY [a;b].

max Ax; —0

[f(dx=_tim iZ;:f(E_,i)-Axi , T

a M D - COOTBETCTBEHHO HIDKHHM U BEPXHHI IIPEIEIbl HHTETPUPOBAHNUS;
f (X) - IOABIHTErpalibHast (DYHKITHS;
f (X) dX - moJBIHTErpaIbHOE BBIPaKEHHE.

OHpG,IIGHGHHLIﬁ MHTErpaJl 3aBUCUT OT MPEACIIOB HHTCTPUPOBAHUA A, b uor BHUJIa

MOJIBIHTETPATbHOM (DYHKIINH f(X) U HE 3aBUCHUT OT 00O3HAUEHHUS MEPEeMEHHOMU

WHTETPUPOBAHUS, T.€.

D ey T

b b
f(x)dx=]f(t)dt=f(u)d(u)
a a
C ceomempuueckoii TOUYKM 3pEHUS ONPEACIICHHBIN HHTETPAJl MPEACTABISIET COOOM
IUIOIA/Ib KPUBOJIMHEWHOMN TPAMCIIHU.

C @u3suueckoii TOYKU 3pEHUS OIpPEACIICHHBIH WHTErpajl paBeH paboTe CHIIBI,

MapajyIeIbHON EPEMEIICHUIO.

§3. CBOWCTBA ONpPEJICACHHOIO MHTErpaia.

1. IlocToSSsHHBIE MHOKHMTEIIL MOJKHO BBIHOCHUTH 3a 3HAK OoIIpCaACICHHOIO

WHTETpaJIa!
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2.

8.

TA : f(x)dx = Ajlf(x)dx

Wurerpan anreOpandeckoil CyMMbl KOHEYHOTO 4YHCJA CJIaraéMbIX pPaBEH

COOTBETCTBYIOLIEH anredOpandyeckoil CyMMe HHTErPaJiOB CIaraéMblX, T.€.

b

— £, (x))dx jn(@dx+ig(@dx—ig(@dx

a

m'—.c'

Ecmu otpesok [a;b] pasour na nga otpeska [a;c] u [¢;b], To nuTerpan no

BCEMY OTPEC3KY PABCH CYMMC UHTCTPAJIOB IO €Iro 4acCTiAM, T.C.

c

b
jf j dx+j
a
ECJ'II/I B OHpe}IeHeHHOM I/IHTCFpaJ'Ie IIOMCHIATH MECTaMUu HpGJICJII)I

HHTCTPUPOBAHUA, TO 3HAK UHTCIpaJia UBMCHHUTCA Ha HpOTI/IBOHOJIO}I(HBII;'I:

Ecnun mpeaciibl UHTCIPUPOBAHUA PAaBHBI, TO OHpeﬂeﬂeHHHﬁ HHTCI'paJl paBCH

HYJIIO:
_Tf )dx=0

Ecnu f (x) >0 na orpeske [a;b], To
_Tf(x)dxzo

Ecmu f (X)>¢(x) na orpeske [a;b], To

D ey T

f(x)dxzj)'(p(x)dx

Teopema o cpenHeM:

Teopema. Ecmm ¢ynknums f(X) HENpEepbIBHA HA [a;b], TO CYIIECTBYET TOYKa

& € [a;b] raxas, uto j. f(x)dx=f(&)-(b-a).

37



C reomeTpUyeCcKOM TOUKHM 3pEHUSI TEOpEMa O CPEIHEM O3HAYaeT, YTO IUIOLIA/db

KpHBOHHHeﬁHOfI TparCur paBHOBCIIMKA ITUIOMAAN IIPAMOYTIOJIbHHMKA, OCHOBAHHUC

KOTOPOTO COBMNAJaeT C OCHOBAHMEM TpaIeLHu ([a;b]eOX), a BBICOTA PaBHA

3HaueHuto pynkuuu f (X) B HEKOTOPOH TOUKe & OTpe3Ka [a;b].

Ompenenenue 1. Bennuuna |[M = —I f(x)dx|uaspiBactcs cpeonum snauenuem

dynkuum f (X) wa orpeske [a;b].

§84. MHurepsan kak dyHKIU BepxHeEro npeaeia. Teopema bappoy.

b
PaccmoTrpum nHTETpa j f (x) dx. IIpu sTom Oynem nosnarate a - GUKCUPOBAHHBIM

a

3HaueHueM, a b- mepemenHbiM. Torma GyHKIUS BEPXHEro mpeiesa Y(b) MIpUMET

BU/I:

b
\% (b) = j f (t)dt (rak kKak o0O0O3HAYCHHE TIEPEMECHHOW WHTETPUPOBAHUS

a
HECYIIECTBEHHO).
XKenas, kak 00BIYHO, TIOJB30BATHCS JIJI1 0003HAYEHUSI HE3aBUCUMOM MepeMEeHHON

OYKBOH X, IMEEM:

y (x) = If (f )dl - UHTETPAJI C TIEPEMEHHBIM BEPXHUM MPEIAECIIOM.
a

Teopema bappoy. Ecmnnm f(X) HENpEpPbIBHA HA OTPE3KE [a;b], TO NPOU3BOJHAA

OTIPEJICTICHHOTO0 MHTErpaja Kak (YHKIHMU €ro BEpXHEro mpejaena
paBHAa 3HAYEHUIO TMOABIHTETPATbHON  (QYHKIIMK B  TOYKE

nuddepeHnmpoBaHus.

If(t)dt '=f(x)
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N3 chopMmynupoBaHHONW  TEOpPEMBI  CIEAYET, UTO f(t)dt SIBIISICTCS

D Sy <

nepBooGpasuoit pyrkumu f (X).

[Tpumep: UCOS%dt] '=Cos’x;
2

[J‘eﬁdy) =o' ura
3

§5.  dopmyiaa Herotona- JleiiOuuiia.

Orta (Qopmynia MO3BOJISET BBIYUCIATH OMPENEICHHBIM MHTErpas, He mpuderas K

HHTCTPAJIbHBIM CyMMaM.

[Tycte F (X) - HeKoTopas mepBooOpasHast ¢pyHkuuu f (X) N3BecTHO, UTO ABE

NepBOOOpa3HbIe OJHOM M TOM K€ (PYHKIUU OTIMYAIOTCS Jpyr OT JApyra Ha

ITOCTOAHHOC 4YHUCJIO,

O3TOMY I f(t)dt=F(x)+C.

a

Jlns onpesenenus BenuurHbl C MONOKUM B IIOCJIEJHEM PAaBEHCTBE X = @, TOT/a
J f (t)dt =F (a)+C =0, cnenoBarensio C =—F(a).
a

[ToaTomy:

i f (t)dt = F (x)+C n crenoparemsio j f(t)dt=F (x)~F (a).

b
B wuactHoctu: mpu X =Db, momyumm I f(t)dt=F(b)-F(a), wm, B cumy

a

HNHBAapHMaHTHOCTH MHTECIpaJia, UMCEM.

f (x)dx=F(b)-F(a)|- popmyna Hetorona — Jleiionuna.

D ey T

39



Omnpenenenne 1. OnpeneneHdplii  UHTErpal f(x)dx pasem mpupamIeHHIO

O ey T

MepBOOOPa3HON 11 MOJBIHTErpAJIbHOW (YHKIIMM Ha OTpe3Ke

b
uHTerpnpoBanus [a;b], T.e. I f(x)dx=F(x)

a

"= F(b)-F(a).

a

[Tpumep:

°° dx .05 .1 : T T
_[—:arcsmx =arcsin——arcsin0=—-0=—.
0 [1_ X2 0 2 6 6
3ameyaHus:

1. ®opmyna Hetorona - Jleitbuuia Obula BbIBEJEHA TOJBKO JJIsi HEMPEPBIBHBIX

byHKIUH.

2. llonxonpl k wuHTerpupoBanuio y Hptorona u JlelOHuna ObUTM pa3iUyHBIE.
JleitOHMII pa3BUBAN YUCTHIM aHAIM3, UCXOJ U3 a0CTPAKTHBIX MOHATUH. HbroTOH
paccMaTpHBall MATEMATHKY TOJBKO Kak Croco0 1Sl GU3HUUEeCKUX UCCIEAOBAHUM.
HazBanue 310l dopmMysbl 10 HEKOTOPOW CTENEHU YCIOBHO, MOCKOJIBKY HU Y
Herorona, vu y JleiiOHMIla wMeHHO Takoil ¢opmynabl He Obuto. Ho oHm
HE3aBHCHUMO JPYT OT JIpyra YCTaHOBWJIM CBSI3b MEXAYy AU(dEepeHIIMPOBAHUEM U
UHTEeTrpupoBaHueM. JIeOHuI BBeNT 0003HAYCHHUS

a2y . . dy
dx,dx,jf(x)dx,dx.

6. Crioco0bI BEIYUCIECHUS ONPEACIEHHOIO HHTErpaia.

1. MeTtoa NoaCTAHOBKH B OonpeacJJeHHOM MHTErpalie.

b
[Tycth TpeOyeTcsi BHIUUCIUTH HHTETPAI J f (x)dx, rae f (X) - HENpepbIBHA Ha

[a;b].
[lepeiinem k HOBOI MepeMEHHOM T, MOJIOKUB X = (p(t) s dx = (p'(t)dt . Beruncium

MIpeIeIibl HHTETPUPOBAHUS NI HOBOU (DYHKITUU

x‘a ‘b

40



[Tpumep:
JX+1=t
8 X+1=t>| 3p42 1. 3 3 3
I xdx :J-(t 1) 2\dtzzj(t2_1)dt: [t__tj _
2NX+1 (dx=2tdt | 3 1 ) 3 )|,
5§‘§
t12|3
2 3
=2 3——3 -2 2——2 =2 G—ﬂzg lOg
3 3 3 3 3

3ameuanue. JIJist OCyIIECTBICHUS TaKOW 3aMEHBI HEOOXOJAMMO, YTOOBI (p(t) 51 (p'(t)

OBLITM HENPEPHIBHBI HA [OL; B]

2. OnpenesieHHbI HHTErPaJ HA CHMMETPUYHOM OTpPe3Ke.

»
>

—-a '0 a X

:a[ f(x)dx—"?

—-a

Hcnone3yst cBOKCTBA MHTETpaia MOKHO 3alACaTh:

j f(x)dx=_Jq f(x)dx+i‘ fod (1)

0

jf(x)dx:j (—du)= fif ja-f (—u)du

a
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=—U | B cui1y nHBapHaHTHOCTH UHTErpajia MOTYyUUM:

dx =—du 2 2
x|-a[0 !f(—u)du:!)‘f(—x)dx
ul alo

[ToacTaBuM nosiydeHHOE 3HaUYCHHUE B BhIpaxkenue (1):

j f(X)dX:‘Z f (—X)dX+:[ f (x)dx nm

[ £ ()= ( (%) + £ (x))x

—a

a) IS YeTHBIX (PyHKIM 0) 11 HeYeTHBIX QYHKUIUN
I f(x)dx:zjf(x)dx If(x)dx:o
-a 0 -a

C reoMeTpryecKkoil TOYKU 3pEHUs ONPEeICHHBIA HHTETpa MPEACTABISIET COOOM

IUIOIIAa/Ib KPUBOJUHEHHOM Tpameluu, cieloBaTelbHO Tpaduuecku 3ta dopmysa

MOKET OBITh M300paXkeHa CISIYIONIUM 00pa3oM:

y
A y: f(X)

|
1N}
o
N
v
=
é
g
A
=

qyCcTHasAx HCUYCTHAasA
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